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A combinatorial discrete choice problem (CDCP) is the problem of finding the com-
bination of items that maximizes an objective function when the value of each item
depends on which others are also chosen. The decision problem of a multinational
firm selecting global production locations is an example: setting up production
sites in Germany and the United States may generate scale economies that raise the
value of both locations, while setting up such sites in Germany and France may
lead to mutual cannibalization in the European market. Without imposing more
structure on the objective function, the decision maker must evaluate all possible
combinations, the number of which grows exponentially: with just twenty poten-
tial locations, there are already over one million combinations.

This paper develops a method to solve CDCPs whose objective function satisfies
a single crossing condition—weaker than requiring items to be complements or
substitutes—that discards suboptimal combinations without computing their pay-
offs. The method extends to heterogeneous-agent settings, always recovers the
global optimum and, in our quantitative application, is orders of magnitude faster
than evaluating every combination. Using it, we calibrate a general equilibrium
model of multinational production in which firms choose foreign production loca-
tions. When locations are strongly complementary, gains from multinational pro-
duction mainly accrue to the most productive firms and their headquarter coun-
tries, while some less productive countries even experience welfare losses; when
they are substitutes, gains are positive and more even across countries.

Our method builds on Jia [2008], which shows that complementarity among choices
enables an approach that discards suboptimal combinations without computing
their payoffs. The key insight is that complementarity induces monotonicity: an
item’s value is highest when all others are chosen and lowest when it stands alone.
If an item is valuable even in the least favorable environment—when chosen in
isolation—it must always be included, and all combinations excluding it can be
discarded; if it is not valuable even in the most favorable environment—when all
other items are present—it must always be excluded, and all combinations includ-
ing it can be discarded.

We show that this elimination logic extends to any CDCP satisfying a single cross-
ing differences condition, either from below or from above. Single crossing differ-
ences from below generalizes complementarity: if an item’s value is non-negative,
it remains so as more items are added, though it may increase or decrease. Single
crossing differences from above captures the symmetric case: if an item’s value is
non-negative, it remains so as items are removed, generalizing substitutability. For
this latter case, the incumbent method is brute-force evaluation of all combinations,
since the method of Jia [2008] does not apply.

Iteratively applying the elimination logic reduces a CDCP’s domain by discard-
ing combinations of items that cannot be optimal, but the reduced domain may



still contain multiple candidate combinations. In such cases, Jia [2008] applies the
brute-force approach to the reduced domain, evaluating all remaining combina-
tions. We introduce a branching procedure that applies the elimination logic as far
as possible before resorting to a brute-force step: when elimination can no longer
make progress, it fixes one item’s status, reapplies the elimination logic to each
resulting case, and compares across cases to find the global optimum.

Heterogeneous agents compound the computational challenge: since each agent
type may have a different optimal combination, solving the problem requires tack-
ling a separate CDCP for every type in the population. For such settings, we ex-
tend our method to recover the exact policy function mapping each type to its opti-
mal combination. This extension applies to CDCPs satisfying an additional single
crossing condition: if including an item is worthwhile for a given agent type, it
remains so for all higher types. When this condition holds, we can solve for the
cutoffs at which the policy function changes value directly by using an indifference
condition, avoiding the need to solve CDCPs for every agent type individually.

We apply our method to a general equilibrium model of multinational production
in which each firm solves a CDCP when selecting production locations. Fixed costs
of operating in each location prevent firms from producing everywhere, making
the location choice combinatorial. Two counteracting channels determine whether
locations are net complements or substitutes: an additional location increases firm-
level scale economies but simultaneously cannibalizes demand across the firm’s
existing locations. We show that our single crossing differences conditions hold in
the model, with locations being net complements when the scale parameter exceeds
the cannibalization parameter, and net substitutes otherwise.

Our method makes it possible to calibrate the model to data on 32 OECD and
European countries when locations are complements or substitutes: without it,
each firm’s location choice problem would require evaluating billions of combi-
nations. The calibration targets bilateral trade flows, foreign affiliate sales, and
affiliate counts across all country pairs, together with country-level moments on
production, firm entry, and firm survival. Because production location sets vary
across firms, the model does not yield aggregate gravity equations, so we use indi-
rect inference, embedding our method inside the calibration loop to solve for policy
functions at every parameter guess.

In benchmarking exercises using the calibrated model, our method outperforms
existing approaches along three dimensions: computational speed, precision, and
robustness across the range of complementarity and substitutability. We bench-
mark our method for up to 256 countries, sampling from our calibrated model to
generate synthetic countries. Our method is up to four orders of magnitude faster
than the brute-force approach and an order of magnitude faster than Jia [2008]
with discretized firm heterogeneity when locations are complements, and retains



its speed when locations are substitutes. On precision, we show that the incum-
bent approach of solving CDCPs for a discrete number of types and interpolating
between them can induce substantial error in aggregate outcomes, while our ap-
proach is exact. Finally, our method is equally fast in both the complements and
substitutes calibrations.

Whether locations are complements or substitutes determines whether welfare gains
from multinational production concentrate in the most productive countries or ac-
crue more broadly, a finding we establish by calibrating the model across more than
30 degrees of complementarity and substitutability. The stronger the complemen-
tarity, the more the distribution of welfare gains becomes uneven: countries home
to large multinational firms, such as the United States, experience substantial gains,
while some less productive countries that primarily host foreign production sites
even lose. With substitutability, gains are positive and more even across coun-
tries since cross-location cannibalization limits the scale economies attainable by
the most productive firms.

Modeling discrete choices when the value of an item depends on which others are
chosen has long posed a challenge, compounded in settings with rich agent het-
erogeneity. The classic random utility framework of McFadden [1974] sidesteps it
by restricting agents to choosing a single item, which rules out interactions among
items but permits flexible heterogeneity through item-specific shocks and tractable
aggregation. Extending the framework to allow agents to choose multiple items is
tractable when items are independent [see, e.g., Hendel, 1999], but when they are
interdependent, existing approaches restrict attention to settings with few items
[see, e.g., Train et al., 1987, Gentzkow, 2007] due to the exponential growth in the
number of combinations.

Our paper contributes to a growing literature on discrete choice problems with in-
terdependent items outside the random utility framework. Jia [2008] introduces a
solution method when choices are complements, which has been applied to store
expansion, firm sourcing, and multinational production settings [see Antras et al,,
2017, Alfaro-Urena et al., 2024, Antras et al., 2024a]." We extend this line of work in
two main ways. First, we provide a method that applies whenever items are sub-
stitutes rather than complements, and more generally whenever the objective func-
tion satisfies a single crossing condition. Second, we develop an exact heterogeneous-
agent extension that avoids the approximation error induced by discretizing het-
erogeneity [see Tintelnot, 2017, Antras et al., 2024a].

LA separate strand of this literature pursues solution methods that do not rely on monotonicity of
choices. Computation-oriented approaches to CDCPs have used linear objective functions to apply
integer programming [e.g., Head et al., 2026], greedy algorithms that do not guarantee global opti-
mality [e.g., Fan and Yang, 2020], or machine learning methods to approximate heterogeneous-agent
policy functions [e.g., Kulesza, 2024].



Relative to existing papers in the literature on multinational production, our tools
make incorporating cross-location interactions and fixed costs possible, which we
use to study how the welfare implications of multinational production depend
on the presence of these forces. Existing quantitative work on multinationals has
avoided CDCPs [see Ramondo and Rodriguez-Clare, 2013, Ramondo, 2014, Arko-
lakis et al., 2018], has solved small-scale CDCPs using the brute-force approach
[see Tintelnot, 2017, Dyrda et al., 2024], or has restricted attention to cases with
complementarities so that the method of Jia [2008] applies [see Antras et al., 2017,
Alfaro-Urefia et al., 2024, Antras et al., 2024a]. Our counterfactual experiments sug-
gest that interdependencies among production locations, such as scale economies
and cannibalization effects, are central to understanding who gains and who loses
from multinational production, with implications for the broader debate on the
distributional consequences of globalization.

1. Defining and Solving Combinatorial Discrete Choice
Problems

In this section, we formally define CDCPs and show how to solve them when the
objective function satisfies two single crossing conditions. Let L denote a finite set
of items indexed by ¢, and f : P (L) — R the objective function, mapping the set of
all possible combinations of items, P (L), to a real number. The Online Appendix
contains a formal mathematical treatment of all statements and results.

1.1. Defining CDCPs

Consider a decision-maker who chooses a set £ € P (L) to maximize f and denote
the optimal decision set by £* = argmax cp(1) f (£). Our example throughoutis a
profit-maximizing firm selecting a set of foreign production locations £ from P (L).
Such decision problems are straightforward to solve when the value of any location
¢ € L does not depend on the decision set £: the firm can evaluate each location
in isolation, reducing the problem to |L| independent binary decisions. However,
when the value of location ¢ depends on which other locations are in £, the firm
must evaluate combinations of locations jointly, making the problem combinatorial.

To formalize the notion of interdependence among locations, we introduce the fol-
lowing marginal value operator:



Definition 1 (Marginal Value Operator). For all £ € L and all £ € P (L), the
marginal value operator Dy is

Def (£) = FLULL}) = FLN{4}).

We say that location choices are interdependent when the marginal value of at least
a single ¢ € L varies with the decision set £. We now formally define CDCPs.

Definition 2 (Combinatorial Discrete Choice Problem). A combinatorial discrete
choice problem is the maximization problem

L),
e,/ ()

where there exist £ € Land £, L' € P (L) such that Dyf (L) # D,f (L').

Without additional structure on the objective function f, no known algorithm exists
to solve the generic CDCP in Definition 2 in polynomial time.” The brute-force
approach evaluates f at all 2/" location combinations in P (L).

1.2. Solving CDCPs: A Single Crossing Differences Approach

In this section, we introduce a class of CDCPs whose objective function satisties a
single crossing condition and develop an iterative solution method that uses this
structure to solve them without evaluating all combinations.

Single Crossing Differences in Choices Our solution method applies to CD-
CPs whose objective functions satisfy the following single crossing differences in
choices (SCD-C) property.

Definition 3 (SCD-C). The objective function f satisfies single crossing differences
in choices from above if, for every ¢ € L and for all decision sets £, L' € P (L) such
that £ C L/,

Dgf (ﬁl) Z 0 = Dgf (ﬁ) Z 0,
and single crossing differences in choices from below if

Dyf (£) >0 = Dyf (£') > 0.

2The generic CDCP is NP-hard: no algorithm is known that solves all instances in time polynomial
in |LJ.



SCD-C restricts the marginal value of a location ¢ so that, along any sequence of
expanding decision sets, it can cross zero at most once. SCD-C from below ensures
that a location with a non-negative marginal value for some decision set £ retains a
non-negative marginal value as additional locations are added. SCD-C from above,
conversely, ensures that a location with a non-negative marginal value for some £
retains a non-negative marginal value as locations are removed.

Figure 1 illustrates the two SCD-C conditions. Both the solid and the dashed lines
in the left panel show examples of how the marginal value of a location ¢ can vary
as the location set expands from £; to £, when SCD-C from below holds. While
the marginal value may change or even decrease, as with the solid line, it crosses
zero at most once from below. The right panel shows two marginal value functions
satisfying SCD-C from above, which can cross zero at most once from above.’

The properties of supermodularity and submodularity capture stronger notions of
complementarity and substitutability and serve as sufficient conditions for SCD-C.
A function f is supermodular if marginal values are increasing, thatis, if D, f (£) <
D;f (L) forall £ C £’ and all ¢, which implies SCD-C from below. Submodularity
reverses the inequality and implies SCD-C from above. While both the solid and
dashed lines in Figure 1 depict marginal value functions consistent with SCD-C,
only the dashed lines are consistent with super- or submodularity.

We illustrate the difference between SCD-C from below and the stronger super-
modularity condition with an example. Consider a multinational firm that op-
erates plants in Germany and the United States. Supermodularity requires that
adding a plant in Canada raises the marginal value of both the German and US
plants. In reality, however, the Canadian plant may lower the marginal value of
the US plant—by cannibalizing its sales to the Canadian market—while raising the
marginal value of the German plant by enhancing the firm’s internal economies
of scale. Such a scenario violates supermodularity, but it remains consistent with
SCD-C from below as long as the US plant’s marginal value stays weakly positive
when the Canadian plant is added.

The Squeezing Procedure The squeezing procedure applies to CDCPs whose
objective function satisfies either form of SCD-C. With SCD-C, a location’s marginal

3Milgrom and Shannon [1994] introduce single crossing conditions into economics to derive com-
parative statics in settings without differentiability. There is a terminological discrepancy, acknowl-
edged in Milgrom [2004], between Milgrom and Shannon [1994], which uses single crossing condition,
and Milgrom [2004], which uses single crossing differences. The condition we refer to as SCD-C is sim-
ilar to, but weaker than, the quasi-supermodularity condition of Milgrom and Shannon [1994]. We
formally establish the relationship between these conditions in the Online Appendix. We adopt the
single crossing differences terminology, to emphasize that the marginal value of the choice changes sign
at most once.
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FIGURE 1: MARGINAL VALUE FUNCTIONS SATISFYING SCD-C
Note: Both panels show the marginal value of location £ evaluated at a sequence of expanding deci-
sion sets. In the left panel, the solid black line satisfies SCD-C from below but not supermodularity;
the dashed line satisfies both. In the right panel, the solid black line satisfies SCD-C from above
but not submodularity; the dashed line satisfies both. With SCD-C, marginal values can increase or
decrease arbitrarily along the sequence as long as they cross zero at most once.

value crosses zero at most once, so that evaluating it at the extreme decision sets—
the largest and smallest possible—can be sufficient to infer whether the location is
optimal without evaluating any other decision sets. The procedure uses this logic
to iteratively reduce the CDCP’s domain, removing non-optimal decision sets from
consideration without explicitly evaluating each one.

We introduce a pair of bounding sets, [L, L], comprising a lower and an upper
bounding set satisfying £L C L* C L. Each pair defines a subdomain of the orig-
inal problem, and the original domain is represented by the domain bounding sets,
[@,L]. We say that a pair of bounding sets [&, K] is tighter than [L, Z] fLCK
and IC C L.

To solve a CDCP, we introduce a mapping that, starting with the domain bounding
sets, produces progressively tighter bounding sets around the optimal decision set
L*, eliminating non-optimal sets from the domain. We refer to this mapping as the
squeezing step.

Definition 4 (Squeezing step). Forall £, L' € P (L), the squeezing step is the map-
ping defined by:

S([£,£7]) = [inf{®(£),® (L)}, sup {@ (L), @ (L)}],
where

®(L)={leL|Dyf(L)>0}.



At the heart of the squeezing step is the mapping ®, which identifies the set of loca-
tions ¢ € L with non-negative marginal value given the decision set £. Importantly,
®(L*) = L* by construction, so that the optimal decision set is a fixed point of the
squeezing step.” Section 1.3 provides a detailed discussion of Jia [2008], which first
introduced ® to the economics literature.

When the objective function satisfies SCD-C, iteratively applying the squeezing
step to the domain bounding sets generates a sequence of progressively tighter
bounding sets that converges in at most |L| steps. The following theorem formal-
izes this result.

Theorem 1. If the objective function f exhibits SCD-C from above or below, iteratively ap-
plying the squeezing step to the domain bounding sets [@, L| yields a sequence of bounding
sets

o=LO0c...cWctcpcz™czWe. . . cz” =1,

where k denotes the iteration count. Iteration on the squeezing step converges in K < |L|
applications.

We now sketch a constructive proof of Theorem 1.° The mapping & is monotone
if and only if the objective function f satisfies SCD-C, where the type of SCD-C
determines the direction of the monotonicity. Consider two decision sets L, L €
P (L) such that £ C £'. With SCD-C from above, if a location has a non-negative
marginal value in the larger set £', it must also have a non-negative marginal value
in any nested set £. As aresult, £ C L' implies ® (L") C & (L): the mapping P is
order-reversing. With SCD-C from below, the argument is similar: if a location has a
non-negative marginal value in the smaller set £, then it must have a non-negative
marginal value in the larger set. As a result, £ C L' implies ® (£) C ® (L) and
the mapping @ is order-preserving.®

When the type of SCD-C that f satisfies is known, the monotonicity of ® simpli-
fies the mapping S. With SCD-C from above, @ is order-reversing: applying ®
to the upper bounding set yields a decision set nested in the one obtained from

4In the Online Appendix, we show that the set of fixed points of ® contains at least one optimal
decision set of f.

5The squeezing step tightens the bounding sets around the optimal decision set £* that includes lo-
cations for which the firm is indifferent. In the Online Appendix, we provide a way to check whether
the identified optimum is unique, and a method to recover all the optima if it is not.

6We show the converse for the order-preserving case. Suppose @ is order-preserving, and let £ C
L' be arbitrary decision sets. Let ¢ be an arbitrary location. Now suppose Dyf (£) > 0. Then,
e ® (L) C P(L)since @ is order-preserving; but £ € @ (L) implies D, f (L") > 0 by definition of
®. As a result, @ being order-preserving implies that Dyf (£) > 0 = D,f (L") > 0. The proof in the
order-reversing case is similar.



applying & to the lower bounding set. The squeezing step therefore simplifies to
S ( [é, E] ) = [CD (ﬁ) , O (L)] . With SCD-C from below, @ is order-preserving, and
the squeezing step becomes S ([£, L]) = [® (L), ® (L)].

The monotonicity of ® also ensures that the sets returned when applying the squeez-
ing step to a pair of bounding sets are themselves always a valid pair of bounding

sets. In particular, consider the bounding sets [L, Z], sothat L C L* C L. If f

satisfies SCD-C from above, applying ® reverses this order, so ® (£) C @ (L*) C

® (L). Moreover, since ®(L*) = L* by construction, this expression simplifies

to ® (L) C L* C ®(L) so that [® (L), P (L)] forms a new pair of bounding

sets. Similarly, with SCD-C from below, the order-preserving nature of ® implies

Q(L)C L CD(L).

The monotonicity of ® guarantees that, starting from the domain bounding sets
[@, L], iteratively applying the squeezing step produces a sequence of bounding
sets that weakly tighten with each iteration. To see why, suppose f satisfies SCD-
C from above, so that ® is order-reversing. Applying the squeezing step to the
domain bounding sets yields

@CcLrclL = O(L)C L CD(D).

The new pair of bounding sets [® (L), P (@)] is vacuously tighter than the domain
bounding sets [@, L|. Applying the squeezing step again produces:

@ (L) C L C D (D) = O (P (D) C L CD(D(L)).

The order-reversing property of ® guarantees that the new upper bounding set
® (P (L)) is weakly tighter than the previous one, ® (@): since @ C & (L), it fol-
lows that ® (® (L)) C & (@). By the same logic, the new lower bounding set is
weakly tighter than the previous one. We conclude that

QCD(L)CD(P(D)) C L CP(D(L)C (D) C L.

Extending this logic inductively, each application of the squeezing step produces
weakly tighter bounding sets. The procedure converges in at most |L| steps, since
each iteration either adds at least one location to the lower bounding set or removes
at least one from the upper bounding set, and there are |L| locations. An analogous
argument holds when the objective function satisfies SCD-C from below. This com-
pletes our sketch of the proof of Theorem 1.

We refer to the iterative application of the squeezing step until convergence as the
squeezing procedure, denoting the corresponding operator by SX, and its output,
SK([@,L]), as the reduced bounding sets. If the reduced bounding sets coincide
at convergence, the optimal decision set has been found. If the reduced bounding

10



sets do not coincide, they nevertheless define a weakly tighter subdomain of the
original CDCP, on which we can identify £* either by brute-force evaluation of all
remaining candidate decision sets or by a refinement procedure that we introduce
next.

The Branching Procedure We introduce a recursive branching procedure to iden-
tify £* on a reduced domain [@, Z] with £ C L. The branching step selects a lo-

cation /¢ from L \ £, and creates two branches: the first imposes that ¢ is included

in the firm’s decision set, while the other imposes that ¢ is excluded. Each branch

defines a restricted CDCP, specifically the problem of choosing £ C (£ \ £) \ {¢} to

maximize the modified objective function f: P ((£\ £) \ {¢}) — R where:

f(L)=f(LUuLu{r}) on the branch that includes ¢,
f(L)=f(LUL) on the branch that excludes /.

The branching step applies the squeezing procedure until convergence to each re-
stricted CDCP, yielding a pair of reduced bounding sets for each branch. The
branching step then translates these bounding sets for the restricted CDCP into
bounding sets for the original CDCP by adding all items in £ to both bounding
sets on each branch. On the branch that includes ¢, the item ¢ is also added to both
bounding sets.

The output of the branching step is two pairs of conditional bounding sets for the
original CDCP, one on each branch. If the bounding sets on a branch coincide, that
branch has converged to a conditionally optimal decision set of the original CDCP;
otherwise, the branching step is applied recursively. The recursive application of
the branching step creates a tree in which each terminal node corresponds to a
conditionally optimal decision set of the original CDCP.

We refer to the recursive application of the branching step until convergence on
all branches as the branching procedure and define A ([£, L]) as the collection of
conditionally optimal decision sets across the terminal nodes of all branches. The
globally optimal decision set is £* = argmax,_, (leZ]) f(L).”

Figure 2 illustrates the branching procedure: for a given pair of reduced bounding
sets, two branches are created by applying the branching step with ¢ ¢ L\L.
The branch on the left, which includes ¢, converges to a pair of bounding sets
with identical lower and upper bounds, identifying £ as the optimal decision set

"While A ([£, £]) may depend on the locations selected for branching, we show in the Online Ap-
pendix that it always contains the global maximum, so the branching procedure correctly identifies
L* regardless of the branching order.

11
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FIGURE 2: THE BRANCHING PROCEDURE
Note: This figure shows a tree of subproblems resulting from applying the branching procedure recur-
sively. Convergence on a single branch occurs when the squeezing procedure returns a conditionally
optimal set, indicated by a terminal node. The final output of the full recursive procedure is the

collection of all conditionally optimal sets, in this example {L’*, L35, L5 }

conditional on including /. The branch on the right, which excludes ¢, converges
to a pair of bounding sets which do not coincide, resulting in the bounding sets

[Z/, L’} on the original domain, so branching recurs: a new location ¢’ € Zl \ L

is selected, creating an additional pair of branches. This recursive process builds
a tree, terminating in a conditionally optimal decision set on each branch so that

A (L L]) ={£1, L35, L5}

Branching is an alternative to the brute-force approach of evaluating the objective
function at every decision set in the reduced domain. Intuitively, the branching
procedure incorporates the brute-force logic one location at a time: it applies the
squeezing procedure as much as possible, and when squeezing alone cannot iden-
tify the optimum, it fixes one location’s status and repeats. In the worst case, when
squeezing eliminates no decision set on any branch, the branching procedure eval-
uates the same decision sets as the brute-force approach.”

1.3. The Mathematics of Squeezing and Branching

This section explains the mathematical foundation of our squeezing method, for-
mally connects it to Jia [2008], and identifies the new challenges that arise when the

8The wall-clock time advantage of branching over the brute-force approach depends on how effec-
tively the squeezing procedure reduces the domain on each branch. When the squeezing procedure
reduces the domain by little on each branch, the cost of repeated application may offset the savings
from evaluating the objective function over fewer decision sets.
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objective function satisfies SCD-C from above rather than below.

Jia [2008], Supermodularity, and SCD-C from Below Jia [2008] studies the lo-
cation decisions of a retail chain, assuming individual store locations are comple-
ments so that the objective function is supermodular. In this context, Jia [2008]
introduces the ® mapping and recasts finding the optimal set of store locations, £*,
as finding the fixed points of ®, since ® (L*) = L* by construction.”

Since the objective function is supermodular, ® is order-preserving and Jia [2008]
invokes the theorem of Tarski [1955] to guarantee the existence of well-defined
smallest and largest fixed points, L™ and £5UP. Together, these fixed points form a
pair of bounding sets [£™™, £5UP], since necessarily £ C £* C L5

Jia [2008] identifies the bounding sets [£™, £5'P] by applying ® to @ and L sepa-
rately until convergence. This approach is rooted in Kleene’s fixed point theorem,
which states that iteratively applying an order-preserving map to @ always con-
verges to its smallest fixed point £™, while applying it to L always converges to
its largest fixed point £5.! In cases where the bounding sets [£™, £%P] do not
identify £*, Jia [2008] applies the brute-force approach on the reduced domain.

In the case of SCD-C from below, our squeezing procedure implements the same
method as Jia [2008]. With an order-preserving ®, the squeezing step simplifies
to S([L, L]) = [®(L),P (L)], which is equivalent to applying ® separately to
the lower and upper bounding sets. Consequently, the reduced bounding sets
produced by the squeezing procedure coincide with the smallest and largest fixed
points of ®, so that S ([@, L]) = [£, £uP].

Our first contribution relative to Jia [2008] is to extend the applicability of the pa-
per’s method beyond supermodular objective functions by showing that SCD-C
from below is the necessary and sufficient condition for ® to be order-preserving.

The Challenges of SCD-C from Above and Fixed Edges Our second contribu-
tion is to develop a solution method that applies when the objective function satis-
fies SCD-C from above. The key difficulty in this case is that ® is order-reversing,
so that the fixed point theorems of Tarski [1955] and Kleene do not apply; a smallest
and largest fixed point bounding the optimal decision set may not exist.

9The mapping ® has antecedents in the Operations Research literature on Boolean optimization. It
presents a simple updating rule for decisions based on the discrete analogue of a first order condition
[see, e.g., Boros and Hammer, 2002].
10gee Stoltenberg-Hansen et al. [1994] for an exposition. The theorem derives from results in Kleene
[1936] and Kleene [1938], though it was not stated explicitly there.
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To see why, consider a firm choosing between two perfectly substitutable produc-
tion locations, L = {USA, CAN}. Suppose that each location has positive marginal
value when the other is inactive, but neither has positive marginal value when
both are active, as each fully substitutes for the other. Applying the approach in
Jia [2008] yields @ (@) = {USA,CAN} and @ ({USA,CAN}) = @: iterating from
either extreme oscillates and does not converge to a fixed point.

Although repeated application of ® may not converge to a fixed point with SCD-
C from above, it does converge to a pair of sets between which it alternates, as in
the example above. We call a pair [£, £'] with £ C £’ satisfying £L = ® (L) and
L' = ® (L) a fixed edge of ®. Fixed edges generalize the notion of fixed points: if £
is a fixed point of ®, then [£, L] is a fixed edge.

Klimes [1981] shows that, although an order-reversing map need not have small-
est and largest fixed points, it always has a fixed edge [£™, £5UP] that is extreme
in the sense that £ C £ C £/ C £ for all other fixed edges [£, L']."! The
extreme fixed edge therefore serves as a pair of bounding sets, just as the smallest
and largest fixed points do in the order-preserving case. With SCD-C from above,
the squeezing procedure applied to the domain bounding sets converges to the
extreme fixed edge of .

The insights in this section imply that the squeezing step S is itself an order-preserving
mapping whenever the underlying objective function satisfies SCD-C. An alterna-
tive proof of Theorem 1 therefore follows by applying the theorems of Tarski [1955]
and Kleene to S directly.

The squeezing procedure converges to [L*, L*] if and only if £* is the unique fixed
point of ® when f satisfies SCD-C from below, or the unique fixed edge of ® when
f satisfies SCD-C from above. When multiple fixed points or fixed edges exist, the
branching procedure recovers all fixed points: every fixed point is a terminal node
of the branching tree.

1.4. Solving CDCPs for Heterogeneous Agents

We now extend the framework to a setting with heterogeneous agents. We consider
an objective function f : P (L) x R — R that maps a decision set £ € P(L) and an
agent type z € IR to a scalar payoff. We focus on single-dimensional heterogeneity

The intuition behind Klimes [1981] is simple. If ® is order-reversing, then ®> = ® o ® is order-
preserving. By Tarski [1955], &2 has a smallest and largest fixed point. Any fixed point of 2 satisfies
D (P (L)) = L, so the pair [£, D (L)] is a fixed edge of .
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and assume that the objective function is continuous in z for all £ € P (L).'? Solv-
ing CDCPs for heterogeneous agents amounts to recovering the policy function
that maps each agent’s type to its optimal decision set.

Definition 5 (Policy function). The policy function £* : R — P (L) maps each type
z to its optimal decision set, so that £*(z) = argmax cp(p) f (£, 2).

In our multinational production example, the policy function maps each firm’s pro-
ductivity to its optimal combination of production locations.

We introduce a method to solve CDCPs with heterogeneous agents whenever the
objective function satisfies SCD-C and an additional single crossing condition which
we introduce next.

Single Crossing Differences in Type The single crossing differences in type
(SCD-T) property restricts how the marginal value of a location varies with firm
productivity.

Definition 6 (SCD-T). The objective function f exhibits single crossing differences
in type if, for all £ € L, decision sets £ € P (L), and types z,z’ € R such thatz < z':

Dyf (L£,z) >0 = Df (£,2') > 0.

SCD-T ensures that if a location £ has a non-negative marginal value as part of a de-
cision set £ for a firm with productivity z, then it also has a non-negative marginal
value for any firm with productivity z’ > z. If instead the marginal value of ¢

crosses zero from above, the problem satisfies SCD-T with the transformed type
14
—2z.

Just as SCD-C enables the squeezing procedure, which rules out decision sets with-
out evaluating their payoff, SCD-T enables a generalized squeezing procedure that
rules out decision sets for entire productivity ranges at once without evaluating
their payoffs for any individual productivity value within those ranges.

12In an earlier working paper, we showed how to extend the methods in this section to settings with
multidimensional heterogeneity [see Arkolakis et al., 2023].

13The policy function is well-defined when the optimal decision set is unique for each z except at
cutoff productivity values. The Online Appendix provides a sufficient condition.

4This property is similar to, but weaker than, the single crossing property introduced by Milgrom
and Shannon [1994], later referred to as the single crossing differences condition by Milgrom [2004].
We formally establish the relationship between these conditions in the Online Appendix. The firm
type z can represent any characteristic, endogenous or exogenous, that affects payoffs, and the policy
function £* (z) describes how optimal choices respond to changes in that characteristic. When z is
endogenous, the policy function is often referred to as a best-response function.
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FIGURE 3: PARTITIONING THE PRODUCTIVITY SPACE BY COMMON BOUNDING
SETS

Note: The middle line shows a lower bounding function, the top line an upper bounding function.

Together, these two set-valued functions imply the partitioning 7, which creates intervals of produc-

tivity. In this figure, there are three intervals, so 7 = {21, 25, Z3}. All productivity values within an

interval Z; share the same bounding sets.

The Generalized Squeezing Procedure We extend the notion of bounding sets
to bounding functions: set-valued functions of firm productivity £ (-) and L (-), such
that £ (z) C £*(z) € L(z) forallz € R. Wereferto [L(-),L(-)] = [©, L] as the
domain bounding functions, since these constant functions nest the policy function
for all z.

Any pair of bounding functions induces a partition of the firm productivity space
into intervals over which the lower and upper bounding sets are constant. We
define this partition as:

T([L(),Z()]) ={Z,....2,..., 21}
suchthat 2, = {z € R| L(z) = L, L (z) = L},

where t indexes the intervals over which neither bounding function changes its
value. When the bounding functions are clear from context, we write 7 for brevity.

Figure 3 illustrates how a pair of bounding functions partitions the productivity
space into intervals. The middle and top lines represent the lower and upper
bounding functions respectively, each changing value at different cutoffs, z and
z'. The line at the bottom shows the resulting partition: the productivity inter-
vals over which both bounding functions are constant. These intervals identify the
cutoff productivity values at which either the lower or upper bounding function

changes value.

We now define a generalized version of the squeezing step above.
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Definition 7 (Generalized squeezing step). The generalized squeezing step is the
mapping S8 defined forall £ (-), £ () : R — P (L) as:

S([£(),£()]) = [Inf{@(L(), ), P (L (),)},
sup {®* (L (-),-), D (L(-),") }]

where the mapping ®$ : P (L) x R — P (L) is defined as
D (L,z)={leL|z>z(L)}

and the functions z : P (L) — Raredefinedasz; (£) =inf{z € R| D, (L,z) = 0}
foreach ¢ € L.

The generalized squeezing step extends the logic of Definition 4 to entire ranges
of productivity values at a time when the objective function satisfies SCD-C and
SCD-T. For all £ and z, ®$ (L, z) coincides with ® (£) when the objective function
is f (+,z). For all locations ¢ and decision sets £, SCD-T implies that, rather than
computing the marginal value of ¢ at each z, it suffices to check whether z lies above
or below the cutoff z; (L) at which firms are indifferent to including ¢ in £. Thus,
the bounding functions update for entire productivity ranges at once, rather than
point by point.'”

When the objective function satisfies both SCD-C and SCD-T, iteratively apply-
ing the generalized squeezing step to the domain bounding functions returns a
weakly tighter pair at each iteration. Iteration converges once S¢ ([L(-), L (-)]) =
[L(),L(+)]. Since each bounding function can tighten at most |L| times, iteration
converges in at most |L| applications. The following theorem formalizes this result.

Theorem 2. If the objective function f exhibits SCD-C and SCD-T, iteratively applying
the generalized squeezing step to the domain bounding functions [@, L] yields a sequence
of bounding functions so that for all z € R,

oC..cLOWy V@™ ctYe)c... L
where k denotes the iteration count. Iteration on the generalized squeezing step converges
in K < |L| applications.

We now illustrate how the generalized squeezing step proceeds for an objective
function satisfying SCD-C from above and SCD-T. Consider the domain bounding
functions, [@, L], and the associated productivity partition 7. Since the domain

151 Dy (£,z) < 0 for all z, we define z§ (L) = o0;if Dy (L£,z) > 0 for all z, we define z% (L) = —oo.
The range of each Z‘g is thus the two-point compactification of the real line R U { —o0, 00}
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bounding functions are constant for all z, the partition of the productivity space
contains a single interval comprising the full productivity range. For each /, we
compute two cutoffs: z§ (@), at which the marginal value of ¢ is zero in @, and
z3 (L) at which it is zero in L. The SCD-C and SCD-T conditions together imply
7 (@) <7 (L).

The indifference cutoffs z5 () and z5 (L) for each £ update the bounding functions
as follows. For all firms with productivity z < zf (@), £ is not part of the optimal
decision set, so the upper bounding function updates to L \ {¢}. Conversely, for
all firms with productivity z > zj (L), ¢ is part of the decision set, so the lower
bounding function updates to {¢}.

Figure 3 depicts the outcome of updating the domain bounding functions for ¢ =
CAN. The figure shows the CAN-specific cutoffs z¢. . (@) as z and z{ 5 (L) as 2.
The updated bounding functions now vary with productivity, changing value at
zgan (@) and 2§,y (L), and hence partition the productivity space into three inter-
vals. A full update of the bounding functions requires computing such cutoffs for
all locations /. In subsequent applications, the generalized squeezing step applies
to each partition interval separately, returning a finer partition and thus tightening
the bounding functions around the policy function.

We refer to the iterative application of the generalized squeezing step until con-
vergence as the generalized squeezing procedure and the resulting tightened bound-
ing functions as reduced bounding functions. The reduced bounding functions pin
down the policy function on any interval for which they coincide.

For productivity intervals for which bounding functions differ, Appendix A defines
two refinement methods that converge to the policy function on all intervals of
the productivity space. The first, the generalized branching procedure, extends the
branching procedure from Section 1.2 to the heterogeneous-agent case. The second,
iterative cutoff search, requires the objective function to satisfy a stronger version of
SCD-T, which we call strong SCD-T. Strong SCD-T requires that, for any pair of
decision sets £ and £/, the difference in payoffs f (£,z) — f (L', z) crosses zero for
at most one value of z. Strong SCD-T implies SCD-T, but not vice versa: SCD-
T only requires such single crossing for pairs (£ \ {¢}, LU {¢}) that differ by a
single element.'® Strong SCD-T, which holds in the application of Section 2, imparts
additional structure on the policy function that iterative cutoff search leverages.

We refer to the application of generalized squeezing and its refinement until con-
vergence as the policy function method. In contrast to discretization or bisection
methods, the policy function method uses the monotonicity afforded by SCD-T to

165CD-T also allows the crossing at zero to occur for an interval of productivity values instead of at
a single value; strong SCD-T rules out this possibility.
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identify the exact cutoffs at which the policy function changes value. This approach
eliminates unnecessary computation at non-cutoff productivity values and avoids
the interpolation required by discretization methods. Section 4 shows that such in-
terpolation can introduce substantial errors in aggregate variables in the context of
a calibrated multinational production model.

2. A Quantitative Model of Multinational Production

In this section, we introduce a quantitative model of multinational production (MP)
and derive conditions under which our solution method applies. In the model, a
firm’s problem of choosing multinational production locations maps directly into
the CDCP framework of Section 1: the set of candidate locations L corresponds
to the set of countries, the objective function f to the firm’s operating profits, and
the agent type z to firm productivity. The single crossing conditions translate into
restrictions on the demand and cost elasticities. In the Online Appendix, we extend
the framework to accommodate a broader class of demand and cost functions.

Environment The world economy consists of a discrete set of countries L. Firms
are headquartered in one country, produce in a set of countries, and sell to con-
sumers in all countries. We index headquarter locations by 7, production locations
by ¢, and final consumption destinations by n. Each firm produces a differentiated
final good variety with a firm-specific productivity z. Since firms with the same
headquarter location and productivity behave identically, we index them by i and
z alone. In every location ¢, a mass of H; households inelastically supplies one unit
of labor at wage w,. Labor markets are perfectly competitive and output markets
are monopolistically competitive.

Demand System Consumers in all destinations have identical CES preferences
with elasticity o > 1 over the set of available final goods. The demand function for
an individual variety as a function of its destination-specific price p;, is

A ()T
Gn (Pn) = Qn <Pn> ,

where Q, is the CES consumption basket and P, the associated ideal price index.
Firms and consumers take the aggregate objects Q, and P, as given.
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Production Technology Consider a firm headquartered in location i with pro-
ductivity z that operates a set of production locations £ C L. The firm delivers its
final good to destination n by combining production from its locations ¢. The firm’s
marginal cost of serving destination 7 is given by a CES aggregator of the marginal
cost at each of its production locations:

1 _ = w
(1) Cin (E/ Z) = [Z gl’lgnsl ’ gién = ’)’iEAiZTZn-
Z \ier ¢

The parameter ¢ > 1 denotes the elasticity of substitution among production loca-
tions. For each production location, wy is the equilibrium wage rate and A, is an
exogenous location-specific productivity shifter. Firms also face a bilateral MP cost
7ie, which captures factors such as communication or language costs, as well as a
bilateral cost of trade 7;,. We summarize all cost shifters in a trilateral resistance
term denoted &;/;,-

Equation (1) shows that, all else equal, expanding the production location set low-
ers a firm’s marginal cost. However, the cost savings from each additional location
fall as the production location set grows. As ¢ — oo, firms only use their lowest-cost
location.

The marginal cost aggregator in equation (1) captures, in reduced form, that firms
use output from all their production locations to assemble their final good for any
destination. One microfoundation is that, for each destination market, a firm’s lo-
cations compete to be the lowest-cost supplier for each of a continuum of inputs
into the final product. Adding a production location expands the set of potential
suppliers and lowers the firm’s marginal cost, but at a diminishing rate: as the lo-
cation set grows, the probability that any given location is the lowest-cost supplier
for a specific input declines. In the Online Appendix, we detail this microfounda-
tion with Fréchet-distributed cost shocks, as in Antras et al. [2017] and Tintelnot
[2017].) The equilibrium allocations in our model depend only on the aggregator
in equation (1) and not on the underlying microfoundation.

Profit Maximization Consider a firm headquartered in location i with produc-
tivity z. The firm’s profit maximization problem has two parts: choosing a set of
production locations £ and setting the price of its final good in each destination

17 Antras et al. [2017] model firms that pay fixed costs to add sourcing partners subject to Fréchet cost
shocks, while Tintelnot [2017] studies firms that establish plants across locations with plant-specific
Fréchet shocks. Tintelnot [2017] restricts the Fréchet shape parameter to exceed a common demand
and cost elasticity, which implies SCD-C from above. Our framework allows the two elasticities to
differ. Alternative foundations include multivariate Pareto shocks [Arkolakis et al., 2018] or interme-
diate goods that are imperfect substitutes across locations [Antras et al., 2024b].
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market. For a given £, the firm sets its price in destination n as a constant markup
over marginal cost, ¢;, (£, z), so that

[
piﬂ (E, Z) — mcl'n <£, Z) .

Given its optimal pricing policy, the firm chooses the optimal location decision set
L7 (z) to maximize its operating profits:

() max 71; (L£,z) = max {Z —qn (pin (L, 2)) pin (L,2) — Z wéfi/} ,

LeP(L) cerPL) | oo i

where f; is the fixed cost of producing in location ¢, denominated in location ¢
production labor. Note that, with CES preferences, variable profits are a share 1/c
of revenue.

Finally, the firm must first pay a labor-denominated entry cost f/ to draw a produc-
tivity z from an exogenous distribution G; (z). The firm produces positive quanti-
ties if it has non-negative operating profits; otherwise, it exits right after paying

s

Aggregation and the Equilibrium System We now turn to aggregation and the
equilibrium determination of aggregate variables.

The first equilibrium condition is a zero profit condition that pins down the cutoff
productivity Z; below which firms would have negative operating profits and thus
exit instead:

3) i (L7 (2i),2i) = 0.
The second equilibrium condition is a free entry condition that pins down the total

mass of entrants M; in each origin country i by equalizing the entry cost on the left
with the expected operating profits on the right:

@ wiff = [ (L7 (2),2) dGi(2).
Price indices in each destination market 1 aggregate the prices of all goods offered:
©) P =M [ pn (£ ()2 4G ().

i€l i

In addition, the labor market must clear in each production location ¢. There are
three sources of labor demand: variable labor requirements from all the production
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sites operating in country ¢, the entry costs of all the firms headquartered in ¢,
and the fixed costs incurred by foreign and domestic firms to set up production in
location ¢. Labor market clearing equates the total labor supply in location ¢ to total
labor demand as follows:

oo . 1—¢ . * 1-0c
(6) ngé _ UT_l E E Man ﬂzé (Z) Cién [Pm (Ei (Z) ,Z)] dGi (Z)

icLnel Zi Zkeﬁi*(z) ilk;E Py
+ Mywff + ) Mz‘wéfif[ L (z) dG; (z),
icl Zi

where X,, denotes total expenditure on final goods in destination n and the indi-
cator 1;y (z) = 1{f € L (z)} is 1 if a firm headquartered in i with productivity z
opens a production location in country ¢.'*

Lastly, balance of payments requires that total expenditure from consumers in a
market 7 equals their total income:

(7) Xn = u)an.
The general equilibrium in our model is defined as follows.

Definition. General equilibrium is a set of policy functions {£; (-) }; and aggregate
variables {w;, Z;, M;, P;, X; }, so that

1. given the aggregate variables, the policy functions solve the firm optimization
problem in equation (2); and

2. given the policy functions, the aggregate variables satisfy equations (3)—(7).

Establishing the SCD-C and SCD-T Conditions We conclude this section by
establishing the SCD-C and SCD-T properties in the model.

To build intuition, consider a symmetric version of our economy where ¢, = ¢, so
that the marginal value of an additional production location depends only on the
number of active locations, not on their identity:

®) Dyi (£,2) = G271 (JL UL = |L\ (O} ) — wifi,

where G is a composite general equilibrium constant. A single sufficient statistic,
the ratio (¢ — 1) /(e — 1), governs whether locations are complements or substitutes

18Note that, with CES demand, a fraction (0 —1)/0 of a firm’s total sales are variable production
costs; location ¢ € L (z) accounts for a share 1; (z) C}gf / Ykerr(z) éilkjf of these costs.
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and determines the type of SCD-C the profit function satisfies. When (o — 1) /(e —
1) > 1, the marginal value of any location is increasing in the number of other
locations, so that supermodularity and hence SCD-C from below holds. When (o —
1)/(e — 1) < 1, the marginal value of any location is decreasing in the number of
other locations, so that submodularity and hence SCD-C from above holds. When
the ratio is one, the marginal value is independent of the firm’s decision set £."”

The ratio (0 — 1)/ (¢ — 1) summarizes the net effect of two opposing forces that
generate interdependencies among production locations. On the demand side, the
elasticity of substitution ¢ > 1 governs the firm’s ability to scale: since demand
is price-sensitive, the same price reduction translates to a larger sales volume if
the firm is already low-price, so that each additional production location raises the
value of the next. On the cost side, since ¢ > 1, production locations are substitutes,
as they effectively compete with one another to supply each destination. When
(c —1)/(e —1) > 1, the demand side complementarity dominates the supply side
substitutability.

Equation (8) also shows that SCD-T is always satisfied in our model since the
marginal value of location ¢ is a strictly increasing function of the firm’s produc-
tivity type given o > 1. Moreover, this parameter restriction ensures strong SCD-T:
for any two decision sets, there is at most one productivity at which the firm is
indifferent between them.

As we show formally in the Online Appendix, these parameter conditions remain
the sufficient conditions for SCD-C and strong SCD-T in the full model, so that the
policy function method with iterative cutoff search is applicable.”’

19Equation (8) highlights that the firm’s CDCP arises from the combination of two ingredients: in-
terdependencies among locations and the fixed costs of setting up production locations. Without
interdependencies, that is, when (¢ — 1) /(e — 1) = 1, the marginal value of any production location
is independent of all others and hence the firm faces |L| independent decisions. Without fixed costs,
thatis, when f;y = 0Vi, £, the marginal value of all locations is always non-negative, so firms establish
production locations in all countries, regardless of interdependencies.

20In the Online Appendix, we also show how to verify SCD-C and SCD-T for more general demand
functions g, (p,) and marginal cost functions ¢;, (£, z) of which the CES functions in this section are
special cases. Our generalized framework nests demand systems as in Arkolakis et al. [2019] and
production structures as in Ramondo [2014], Arkolakis et al. [2018], and Lind and Ramondo [2023].
In general, the strength of the complementarities or substitutabilities across locations depends on
how changes in marginal costs translate into differences in variable profits, which is determined
by the elasticity of demand and the pass-through elasticity of costs to price. In the present model,
markups are constant so that the pass-through elasticity is always 1; consequently, only the elasticity
of demand matters.
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3. Quantification

We calibrate the model to data on trade and MP across 32 countries. As part of
the calibration routine, we solve the full heterogeneous-agent general equilibrium
model for each parameter guess, a task our policy function method makes compu-
tationally feasible. This section provides an overview of the calibration strategy;,
with further details on how it uses our solution methods in Appendix C. The On-
line Appendix discusses data treatment and model fit.

3.1. Data

We use information on manufacturing trade and MP for 32 OECD and European
countries from Alviarez [2019]. For each host country, the dataset contains the num-
ber of foreign affiliates in manufacturing and their total sales by origin country. For
example, the dataset contains the number of Canadian affiliates of German firms
and their total sales. The dataset also contains bilateral trade flows for all country
pairs. For all variables, the data reflect average values over the period from 2003 to
2012.%

While the dataset contains foreign affiliate counts for each country, it lacks total
firm counts and information on firm entry and survival. To supplement the dataset,
we obtain total firm counts for each country from the UNIDO Industrial Statistics
Database, and data on the one-year survival rates of firms in each country from the
OECD Structural and Demographic Business Statistics.

To construct standard bilateral gravity controls, we use the CEPII database [see
Conte et al., 2023], which provides measures of geographic distance, a common
border indicator, a shared colonial past indicator, and a shared language indicator.
In addition, we obtain tariff data from the Global Tariff database [see Teti, 2024]
and data on real GDP per capita and total employment from the Penn World Table
[see Feenstra et al., 2015].

3.2. Calibration Strategy

Table 1 summarizes our calibration strategy, listing each parameter and the mo-
ment it targets. We set o and e externally and then use country-level aggregate
outcomes together with bilateral trade, MP, and affiliate count flows to discipline
the remaining parameters.

21To construct the dataset, Alviarez [2019] combined data from the OECD, the Eurostat Foreign Af-
filiate Statistics database, the Bureau of Economic Analysis, and Bureau van Dijk’s Orbis dataset.
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TABLE 1: PARAMETERS AND TARGET MOMENTS

PARAMETER DESCRIPTION VALUE/TARGET MOMENT
Set Externally
o Demand elasticity Set to 4 [Arkolakis et al., 2018]
=1 Interdependencies Set from 0.25 to 3.9 with
among locations benchmark values 3 and 3
Calibrated Internally
4 Firm Pareto shape Sales right-tail [Arkolakis, 2010]
Z; Firm Pareto minimum Share of global MP conducted
by firms HQed in i [Alviarez, 2019]
Ay Location productivity ~ GDP per capita (PWT)
fi Fixed cost (origin) One-year firm survival rate (OECD)
7 Entry cost Total firm counts (UNIDO)
Hy Labor supply Employment (PWT)
Ton, Vie, Vie  Bilateral trade, MP, Gravity coefs. on trade flows, MP
fixed costs flows, affiliate counts [Alviarez, 2019]

Note: This table summarizes the calibration strategy of the model. Two parameters, ¢ and ¢, are set
externally; the remaining are calibrated simultaneously in a single iterative routine that targets the
moments described in the last column, subject to general equilibrium conditions. For each empirical
moment, we list the data source. PWT refers to the Penn World Table, OECD to the OECD Structural
and Demographic Business Statistics, and UNIDO to the UNIDO Industrial Statistics Database.

Demand Elasticity and Location Substitution Elasticity: cand ¢ The ratio (¢ —
1)/(e — 1) determines whether locations are complements or substitutes, as well
as the strength of these forces. We set ¢ = 4, following Arkolakis et al. [2018].%?
To cover a wide range of complementarity and substitutability, we calibrate the
model for 37 values of (¢ — 1)/ (¢ — 1), evenly spaced between 0.25 and 3.9, which
implicitly defines a range of values for e. We choose two values of this ratio as
the benchmarks for our quantitative exercises below, one for the complements case
and one for the substitutes case. The substitutes benchmark is (¢ —1)/(e — 1) =
2/3, corresponding to ¢ = 5.5 as in Arkolakis et al. [2018], while the complements
benchmark is (¢ — 1)/ (¢ — 1) = 3/2, chosen for symmetry.

22Qur choice of ¢ falls within the range of estimates of Broda and Weinstein [2006]. Arkolakis et al.
[2018] show that it is also consistent with markup estimates from the manufacturing sector. Moreover,
our value is similar to the estimate of ¢ = 3.89 from Head and Mayer [2019]. While Head and Mayer
[2019] focuses on MP in the car industry, their estimation strategy is consistent with our theoretical
setup and also generates markups in line with the microeconomic estimates from the car industry in
Goldberg [1995] and Berry et al. [1995].
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Country Productivity Parameters and Fixed Costs We assume that the firm
productivity distribution G; (z) is Pareto with shape parameter { and minimum z;,
which is specific to each headquarter country i. The model generates a firm sales
distribution with a Pareto tail of {/ (¢ — 1), and we set { = 1.65 x (¢ — 1) to match
the tail estimate in Arkolakis [2010].

The model features two vectors of country-specific productivity terms: the mini-
mum of the firm Pareto distribution, z;, which acts as a headquarter-location pro-
ductivity shifter; and the production-location productivity shifter, A,. We choose
the first to match the share of global foreign production attributable to firms head-
quartered in i, and the second to match the observed GDP per capita for each coun-
try.

For the calibration, we decompose the fixed cost of setting up a production loca-
tion in ¢ for firms headquartered in location i into an origin-specific shifter and a
bilateral term, f;; = fivj;. We choose the base component of fixed costs f; to match
the observed one-year firm survival rate and the entry cost f/ to match the mass of
entering firms. In the data, we compute the total mass of entrants as a country’s
total firm count divided by its one-year firm survival rate. We set total labor supply
in each location, Hy, to match total employment in the country.

Trade Costs, MP Costs, Fixed Costs In the theory, three bilateral cost matri-
ces shape the patterns of trade flows, foreign affiliate sales, and foreign affiliate
counts across country pairs: the matrix of trade costs {74, } ,,,, the matrix of MP costs
{7ir};s» and the matrix of the bilateral components of fixed costs {vj},,. Following
Tintelnot [2017], we parameterize these matrices as constant elasticity functions of
the standard bilateral gravity variables: geographic distance, a shared colonial past
indicator, a shared language indicator, and a common border indicator. Each ma-
trix has a separate elasticity for every gravity variable, totaling twelve elasticities.
We additionally include bilateral tariffs in the trade cost matrix, with an elasticity
of one. We present the expressions for all three bilateral cost matrices in the Online
Appendix.

We identify the elasticities using an indirect inference approach, since the model
does not deliver closed-form aggregate gravity equations. Using trade flows, MP
flows, and bilateral affiliate counts from the model, we estimate separate gravity
equations for each and choose the elasticities to match the corresponding regression
coefficients in the data.”

23For any bilateral pair without MP activity in the data, we set ;; = co.
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4. Quantitative Exercises and Counterfactuals

This section applies our solution method to the calibrated model. We first demon-
strate the method’s computational advantages over incumbent approaches, then
examine how the distribution of welfare effects from MP depends on whether pro-
duction locations act as complements or substitutes. For each exercise, we use ei-
ther our benchmark complements and substitutes calibrations, or the full range of
calibrated economies differing in the degree to which locations are complements or
substitutes.

4.1. Computational Performance

We conduct three numerical experiments, demonstrating the advantages of our so-
lution method in terms of speed, precision, and breadth of applicability. For ex-
periments that vary the number of countries, we sample from the location-specific
parameters of our calibrated model to generate synthetic countries.”*

Speed We compare our policy function method (“Policy”), which combines gen-
eralized squeezing with the iterative cutoff search refinement, against two alterna-
tive approaches that discretize firm productivity on a grid of 2!* ~ 16000 points.
The “Naive” approach solves the CDCP at each grid point using the brute-force ap-
proach of computing the profits for all possible location combinations. The “Squeez-
ing” approach applies the squeezing procedure and then applies the brute-force
approach to the reduced domain. Both alternatives use a productivity grid and
therefore produce interpolation error in aggregation. Our policy function method
is exact and hence avoids a grid entirely.

Table 2 reports the time (in seconds) required to compute the policy function across
varying numbers of synthetic countries. We compute L (-) for firms from each
origin i and report the average time across origins. With just 16 countries, the naive
method requires more than an hour, while the policy method solves the same prob-
lem in less than a tenth of a second. Even with 128 countries, the policy method
recovers the average policy function in under 15 seconds, and with 256 countries
in under 10 minutes.

24A synthetic country is described by three types of parameters: fundamentals {Ay, f;, Hy}, aggre-
gates {wy, Py}, and bilateral costs {7y, ¥is, vie}. For each, we non-parametrically fit a distribution
to the estimated values and sample from it. We draw 256 synthetic countries this way, then order
them by their market size, w,H,. In Table 2 and Figure 4, each numerical exercise subsets from this
collection of synthetic countries, from the largest to smallest.
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TABLE 2: RUNTIMES (SECONDS) FOR DIFFERENT SOLUTION METHODS

Complements Substitutes

Countries Naive Squeezing Policy Naive Squeezing Policy

) ) 3) 1) (2) 3)
8 6 0.482 0.034 11 0.400 0.009
16 5215 2.699 0.087 8444 2.142 0.018
32 - 16.968 0.186 - 10.735 0.118
64 - 116 1.293 - 76.540 1.324
128 - 895 14.702 - 874 14.167
256 - 7375 374 - 4797 565
Grid points 2! 214 - 214 214 -

Note: This table reports the time (in seconds) to compute the firm policy function £ (-) using three
methods. The “Naive” method discretizes firm productivity on a grid and evaluates the profit func-
tion for all possible production location combinations at each grid point. The “Squeezing” method
applies the squeezing procedure at each grid point until convergence, then uses the brute-force ap-
proach on the reduced domain. Our “Policy” method solves for the exact policy function without
discretization. Results are shown for both the complements and substitutes calibrations. Synthetic
countries are generated by sampling from the distribution of parameter estimates obtained from the
calibrated model. We report the average time to solve for L7 (-) across all origins i. All computations
were performed on an Apple M1 (2020) CPU.

In the complements case, the squeezing method corresponds to the incumbent ap-
proach pioneered by Antras et al. [2017], and our policy function method is one to
two orders of magnitude faster across all country counts. In the substitutes case, the
naive brute-force approach represents the incumbent approach, and our method
improves on it by four to five orders of magnitude. Approximately half of the
speed gains come from extending the squeezing method of Jia [2008] to the sub-
stitutes case, and the remaining half from introducing our policy function method,
which avoids solving the CDCP at every grid point.

Table 2 does not account for the discretization error of the alternative approaches;
we quantify the size of this error next.

Precision Our policy function method solves for the exact policy function, allow-
ing us to quantify the discretization error of other methods, which arises because
decision sets must be interpolated between grid points.
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FIGURE 4: THE PRECISION-TIME FRONTIER WITH DISCRETIZATION METHODS
Note: This figure shows the trade-off between computation time and discretization error for the
“Squeezing” method, for varying numbers of countries. Discretization error is measured as the av-
erage percentage deviation of trilateral flows computed using the discretized policy function from
those computed using the exact policy function obtained by the “Policy” method. Specifically, we
compute N3 Yy ver | Xion/ Xign — 1| x 100%, where X4, denotes sales to destination n by produc-
tion sites in £ whose headquarters are in i, computed using the exact policy function, and X, is
the corresponding object computed using the “Squeezing” method with interpolation between grid
points. All computations were performed on an Apple M1 (2020) CPU.

To quantify the trade-off between computational time and discretization error in-
herent in grid-based approaches, we first compute the total value of trade flows
from origin 7 to destination # via production in country ¢, denoted Xj/,, by aggre-
gating over the exact policy function. We then compute the corresponding approxi-
mation X;;, by aggregating over the discretized policy function of the “Squeezing”
approach, interpolating between grid points. We measure discretization error as
the average absolute percentage deviation between flows computed from the dis-

cretized policy function and the exact policy function, thatis, N2 Y, .1 ‘X,-gn / Xien
100%.%

Discretization error is large even with many grid points in both the complements
and substitutes case, regardless of the number of countries. Figure 4 graphs the
discretization error against computational time for varying grid densities in both
the complements and substitutes cases. Each line shows the precision-time frontier

2Since the support of productivity is unbounded, the only flows X/, with zero value are those
where y;y = co. In this case, the approximation Xy, is also zero, so we set the error to 0%.
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for a different number of countries. With 512 grid points and 8 countries, computa-
tion is fast, but the average discretization error exceeds 40% regardless of whether
locations are complements or substitutes. Even with over 16000 grid points, the
error remains near or above 20% in both cases. Doubling the number of grid points
reduces the error by 5 to 10 percentage points but doubles the computation time.

Discretization error decreases with the number of countries in the complements
case but shows no systematic pattern in the substitutes case, a difference that may
partly reflect the different structure of the policy function in each. In the com-
plements case, the policy function has a nesting structure: more productive firms
produce in all locations chosen by less productive firms and possibly more.”® Grid-
based methods thus induce less error since they only miss marginal locations added
between grid points, and this error tends to shrink as the number of countries
grows. In the substitutes case, the policy function has no nesting structure: more
productive firms may operate entirely different location sets, so grid-based meth-
ods may miss policy function switches between grid points entirely. Unlike the
complements case, adding more countries does not systematically reduce this er-
Tor.

Wide Applicability In a final exercise, we examine how computational time varies
across the full range of our calibrations indexed by the degree of complementarity
or substitutability among production locations. For each calibration, the left panel
of Figure 5 shows the average time required to solve for the policy function across
origin countries, using our policy function method. The figure also separates the
computational time spent on squeezing versus the iterative cutoff search refine-
ment. We mark the two benchmark calibrations with diamond symbols on the
X-axis.

Across all degrees of complementarity and substitutability, our policy function
method takes under 0.1 seconds on average to solve for the policy function. Com-
putation is fastest near the vertical line where production locations are indepen-
dent. Aslocations become more complementary or substitutable, computation time
increases.

26Milgrom and Shannon [1994] show that the policy function exhibits a nesting structure when the
objective function satisfies their single crossing and quasi-supermodularity conditions (the Online
Appendix specifies the relationship between their conditions and SCD-C and SCD-T). Both condi-
tions hold in our application, so that higher-productivity firms choose all locations selected by lower-
productivity firms and possibly more: z < z’ implies £* (z) C L* (z’). The nesting result has been
used in applied theory and empirical work, including by Antras et al. [2017] in their analysis of firm-
level sourcing decisions, and is reminiscent of the positive assortative patterns studied in Costinot
[2009].

30



0.0015 |-

0.0010

0.0005

Squeezing

mm Refinement 0.0000
N b

substitutes « — co;nplements

0.00 H

substitutes < — co;nplements
(A) Compute Time (s) (B) Average Value of % ()\ LK) ()

FIGURE 5: DEGREE OF COMPLEMENTARITY OR SUBSTITUTABILITY AND COMPU-
TATIONAL PERFORMANCE

Note: This figure shows how computation time and the effectiveness of the policy function method

vary with the degree of complementarity or substitutability across locations as measured by

‘Eff_ll / (1 + %) . The x-axis varies ¢ while holding o = 4 fixed. The vertical line marks the case where

locations are neither complements nor substitutes, with gf’ll = 1. We indicate the two benchmark cal-
ibrations with diamond symbols on the x-axis. The left panel decomposes the total computation time
(in seconds) spent on generalized squeezing relative to the iterative cutoff search refinement. The
right panel shows the average number of locations separating the upper and lower bounding set
across all firms and countries after convergence of the generalized squeezing procedure. All compu-

tations were performed on an Apple M1 (2020) CPU.

Theorem 2 helps explain the patterns in the left panel. It establishes that the gen-
eralized squeezing method never takes more than |L| applications, in line with the
relatively flat squeezing time across all parameter combinations.

The right panel shows a proxy measure for the effectiveness of the squeezing pro-
cedure: the average number of locations separating the upper and lower bounding
sets across all firms and countries after convergence of the generalized squeezing
procedure. Few locations separate the bounding sets after convergence, though this
number increases with the strength of complementarity or substitutability, consis-
tent with the widening gap between squeezing and total time in the left panel.

31



4.2. Welfare Gains from Multinational Production

We examine how the welfare gains from MP vary with the degree of complementar-
ity or substitutability among locations by comparing each calibrated equilibrium to
its corresponding MP-autarky counterfactual in which firms are restricted to pro-
duce only in their headquarter country. Formally, the MP-autarky counterfactuals
set bilateral MP costs to infinity, so that ;) = oo for all i # .

Figure 6 reports the resulting welfare gains from MP across the full range of com-
plementarity and substitutability. The light gray band shows the full cross-country
range of effects and the dark gray band the interquartile range; the figure also high-
lights the welfare effects in selected countries. Two patterns stand out. First, at a
given level of complementarity or substitutability, welfare gains from MP are un-
even across countries. Second, this cross-country dispersion widens as locations
become more complementary.

For a given degree of complementarity or substitutability, two main factors shape
the differences in welfare gains across countries. The first is the cost of conducting
MP, which differs across countries in the calibration: moving from MP autarky to
the calibrated equilibrium thus represents a larger reduction in MP costs for some
countries than for others. The Netherlands, for example, has its costs of doing
MP lowered by more than most countries and therefore experiences larger wel-
fare gains. The second is productivity. Countries can be productive both as head-
quarter locations—because of high headquarter productivity—and as production
locations—because of low productivity-adjusted wages, low fixed costs, and good
market access. Countries with these advantages benefit more from MP through the
foreign expansion of their firms or by attracting foreign affiliates.

Moving from substitutability to complementarity in Figure 6, the distribution of
welfare gains across countries fans out. As cross-location complementarity rises,
welfare gains increase most in countries that serve as headquarter locations for
highly productive firms, particularly those with low costs of conducting MP, while
gains in economies without productive headquarters are dampened and can even
turn negative. The welfare gains in the United States, for example, triple mov-
ing from strong substitutability to strong complementarity, whereas Lithuania and
Romania experience losses with strong complementarity. With substitutability, by
contrast, gains are more evenly distributed across countries.

This pattern arises because complementarity strengthens multinational scale economies,
amplifying the marginal cost advantages of the most productive firms. As scale
economies intensify, the most productive firms can leverage their affiliates to achieve
even lower marginal costs and expand sales relative to less productive firms, so
welfare gains concentrate in the countries where those firms are headquartered.
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Countries that are less productive as headquarters and more productive as pro-
duction locations see welfare losses, as foreign multinational set up local affiliates
that crowd out domestic headquarters. When locations are substitutes, by contrast,
production in one location cannibalizes production in others, limiting these scale
effects and distributing gains more evenly across countries.

This concentration effect is reflected in the difference between the GDP-weighted
average welfare gain across countries and the median welfare gain. The GDP-
weighted average welfare gain is largest when complementarity is strongest, be-
cause scale economies at the most productive firms raise global output the most.
The median welfare gain, however, is largest when substitutability is strongest, be-
cause gains are distributed more evenly and a broader set of countries benefits from
MP. 27

To further understand the sources of variation in welfare gains across countries, we
decompose welfare gains following Arkolakis et al. [2012], adapted to our setting.””
The welfare change in country i can be written as the sum of an openness term, a
variety term, and an average productivity term:

A,

w; P P N1
) In PTZ = ln(/)z.z.z."‘:—k Inz, ' +In M/

i

openness variety

__1
s et | 7
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average productivity

In this expression, £ = x/ x" denotes the ratio of a variable in the baseline equilib-
rium to its value under MP autarky. The term ¢;; is the share of expenditure in
country i on goods produced domestically by firms headquartered in i; it serves as
an inverse measure of openness to trade and MP. The mass of entrants M; and the
productivity cutoff Z; capture entry and selection effects in country i.

The policy function L7 (-) partitions firms into productivity intervals { Z;, },, within
which firms choose the same set of production locations. For firms in interval ¢,
the term s;s;; denotes the share of their domestic sales produced in country ¢, so
sirit sums to 1 across production locations ¢. The term A;;; denotes the share of
total domestic sales, produced domestically, that are accounted for by firms in that

?’The largest GDP-weighted average effect is 7.64%, occurring under the strongest complementarity,
while the largest median welfare effect is 6.70%, occurring under the strongest substitutability.

28We derive this welfare formula in Appendix B under the assumption that, in the initial equilibrium,
all active firms include the headquarter location in their optimal set of production locations. This
assumption holds in all numerical exercises.
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FIGURE 6: WELFARE GAINS FROM MULTINATIONAL PRODUCTION
Note: This figure shows the log point welfare change (100 x In (@;/P;)) from moving from MP au-
tarky to the calibrated economy, across model calibrations with different degrees of complementarity
or substitutability among locations as measured by the ratio %’11 / (1 + %) In this expression,
£ = x/x’ denotes the ratio of a variable in the baseline equilibrium to its value in MP autarky. The
x-axis varies € while holding o = 4 fixed (its value in the baseline calibration). The vertical line indi-
cates the case where locations are neither complements nor substitutes, with % = 1. The light gray
band depicts the full range of welfare changes across all 32 countries in our calibration, while the
dark gray band shows the interquartile range. The lines trace the welfare impact for select countries

across the different degrees of complementarity or substitutability.

interval. The shares A;;;; sum to 1 across intervals t. Together, these terms capture
how MP reshapes the distribution of sales across firms and locations.

Figure 7 shows the welfare gains from MP for every country in our sample in pink,
and their decomposition into the openness, variety, and average productivity chan-
nels in shades of blue. For readability, we show the welfare effects only for our
benchmark degrees of complementarity and substitutability.

The openness channel is positive for all countries and reflects access to cheaper
foreign production. Countries spend less on locally produced goods by domestic
firms as they open to MP, effectively shifting their production possibility frontier
outward. This effect is largest for two types of countries: economies that import
large volumes and hence benefit from a global decrease in marginal costs through
MP, and low-productivity economies that benefit from new, productive foreign af-
filiates producing locally, giving them access to foreign varieties at lower prices.

34



30 -

20 |

1

o

o

Welfare Change (log points)

20 |- | == Productivity
mmm Varieties complements \/ substitutes
0l Openness
—Total
I I I I I I I | | | | | | | | | | | | | | | | | | | | | | | | |

FIGURE 7: DECOMPOSING THE WELFARE GAINS FROM MULTINATIONAL PRO-
DUCTION
Note: This figure shows the log point welfare change, 100 x In (ZTJ,-/ 15,-), from moving from MP au-
tarky to the calibrated economy as pink outlines. In addition, the figure decomposes the welfare
changes into the contributions from changes in openness, the number of available varieties, and av-
erage productivity from equation (9). The left bars are for the complements calibration, the right bars
for the substitutes calibration. The countries are ordered by the size of the total welfare effect in the
complements calibration.

The variety channel reflects changes in the mass of domestic varieties. With com-
plementarity, productive firms expand MP across locations, raising wages and sur-
vival cutoffs in host countries. Countries that mostly serve as hosts to the affiliates
of foreign firms see their own domestic entrants crowded out, generating a nega-
tive variety effect. By contrast, in the Netherlands and Finland, countries where
many multinationals are headquartered, global expansion raises profits, entry, and
the mass of available local varieties. With substitutability, both effects are muted:

multinationals operate fewer locations, earn lower profits, and crowd out fewer
domestic firms in host countries.

The productivity channel is positive and captures changes in sales-weighted aver-
age productivity. In countries where multinationals are headquartered, the domes-
tic market share of this class of productive firms expands relative to firms only pro-
ducing domestically; in countries with few multinationals, this reallocation effect
is small.”” With complementarity, scale economies amplify this expansion and thus

29 At the extreme, if no domestically-headquartered firm engages in MP, the distribution of domestic
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the variation across countries of the productivity effect. Substitutability dampens
the effect and its variation, since the competition among locations prevents multi-
national firms from expanding domestic production as much.

Together, these channels explain the variation in welfare gains from MP across
countries and calibrations. Complementarity magnifies the advantages of highly
productive and open economies and intensifies reallocation toward globally domi-
nant firms. Substitutability limits this concentration, so gains are more even across
countries. Thus, the strength and direction of interdependencies among production
locations shape not only the aggregate gains from MP, but also their distribution
across firms and countries.™

5. Conclusion

This paper studies combinatorial discrete choice problems, in which agents select
items whose values depend on which others are chosen. Without structure on the
objective function, finding the optimal decision set requires evaluating the payoffs
of all possible combinations, a number that grows exponentially in the number of
items, limiting the scope of quantitative models with such decision problems. We
develop an exact solution method for such problems when the objective function
satisfies a single crossing condition, which imparts structure on how each item’s
value changes as the chosen set expands. The method recovers the global optimum
without exhaustive evaluation and extends to heterogeneous agents.

We apply the method to a general equilibrium model of multinational production
in which heterogeneous firms choose international production locations subject to
fixed costs. When locations are complements, scale economies concentrate pro-
duction in the most productive firms, amplifying the welfare gains from multina-
tional production in their headquarter countries while leading to small gains or
even losses for countries that primarily host foreign affiliates. On the other hand,
substitutability among locations limits this concentrating effect, so that gains are
positive and more even across countries.

firms can be described by a representative firm as in the closed economy of Melitz [2003]. In this case,
as a consequence of CES demand together with Pareto productivity, changes in MP costs cause no
reallocations among firms, so that the productivity effect is zero. Competition for local labor instead
lowers entry.

30In the Online Appendix, we examine how the welfare losses from MP autarky depend on the pres-
ence of fixed costs. Our benchmark calibration features fixed costs; without them, all firms produce
in all countries and the CDCP disappears. Removing fixed costs lowers the concentration effect of
MP. When we recalibrate the model without fixed costs to match the same data, the average welfare
gains from MP are larger in both the complements and substitutes cases, in line with Tintelnot [2017].
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Beyond multinational production, combinatorial discrete choice problems arise in
a range of economic settings, such as sourcing decisions, network formation, tech-
nology adoption, and store location choices, yet are often simplified to preserve
tractability at the cost of abstracting from economically relevant interdependencies.
Our approach allows researchers to model such interdependencies and rich hetero-
geneity without sacrificing exactness or computational feasibility. Future research
drawing on our tools could estimate the sign and strength of cross-choice interac-
tions from micro data, analyze policies that alter complementarities or fixed costs,
and quantify models with variable markups that respond to complementarity-driven
scale economies.
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A. Appendix A: Methods for Policy Function Refinement

In this section, we introduce two methods of refining the policy function after
the generalized squeezing procedure has converged. Generalized squeezing pro-
duces two reduced bounding functions that partition the type space into intervals,
on each of which the lower and upper bounding functions take constant values
(L, L¢]. Where the bounding functions coincide, the optimal decision set equals
their common value. Where they do not, further refinement is required. We focus
on solving for the policy function over one such interval Z; with £, C L;; the full
policy function is recovered by applying a refinement method to each such interval
in turn.

The first refinement method, generalized branching, requires SCD-C and SCD-T.
The second, iterative cutoff search, requires the stronger condition of strong SCD-T
and is the method we use in our quantitative application. The Online Appendix
contains all proofs.

A.1. The Generalized Branching Procedure

We extend the branching logic from Section 1 to heterogeneous agent settings. On
an interval Z; where £, C L;, the generalized branching step selects one location
¢ € L;\ L, and creates two branches: one that imposes / is included in the decision
sets and the other that imposes £ is excluded.

Each branch corresponds to the problem of solving for the policy function that
maps each type z € Z; to the conditionally optimal decision set £ maximizing
the modified objective function f : P ((L; \ £;) \ {¢}) x Z; — R where:

f(L,z)=f(LUL U{L},2) on the branch that includes ¢,
f(L,z)=f(LUL,Z) on the branch that excludes /.

The generalized branching step applies the generalized squeezing procedure to
each restricted CDCP, yielding a pair of reduced bounding functions for each branch.
It then translates these bounding functions for the restricted CDCPs into bounding
functions for the original CDCP by adding all items in £, to both bounding func-
tions on each branch. On the branch that includes /, the item / is also added to both
bounding functions. The output of the generalized branching step is thus a pair of
conditional bounding functions for the original CDCP on each branch which each
induce a new partition on Z;.

On type intervals in this new partition for which the bounding functions on a
branch coincide, the branch terminates, having identified a conditionally optimal
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FIGURE 8: THE GENERALIZED BRANCHING PROCEDURE
Note: The figure illustrates an example outcome of the generalized branching procedure, in an ex-
ample where £, = @ and £; = {USA, CAN}. The branching step selects £ = USA and creates two
branches: one which presumes USA is in the optimal set and the other which presumes the oppo-
site. Convergence on a single branch occurs when the generalized squeezing procedure returns a
conditionally optimal policy function. The final output of the full recursive generalized branching
procedure is the collection of all conditionally optimal policy functions.

policy function; on other intervals, the generalized branching step is applied re-
cursively to each sub-interval where the bounding functions differ. We refer to the
recursive application of the generalized branching step until all branches termi-
nate on all intervals as the “generalized branching procedure.” Because each step
strictly reduces the number of locations separating the upper and lower bounding
functions, the procedure branches a finite number of times.

To obtain the global policy function on Z;, we combine the results across all termi-
nal branches. Each terminal branch yields a conditionally optimal policy function,
which is piecewise constant but may change value at different productivity types
across branches. We intersect these policy functions to partition Z; into subinter-
vals of types on which none of the conditionally optimal policy functions change
value. On each such subinterval, we collect the candidate decision sets from the
conditionally optimal policy functions. For each type z € Z;, the global policy
function chooses the decision set that yields the highest value among these candi-
date decision sets.

Figure 8 illustrates this refinement on an interval Z; where the converged bounding
functions are £, = @ and £; = {USA,CAN}. Branching on the USA location
creates two branches: one that includes the USA in the optimal set, in pink, and
one that excludes it, in blue. In the example, applying generalized squeezing on
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each branch produces a conditionally optimal policy function that maps each type
to an optimal decision set, shown in the two middle lines. The bottom line collects
the candidate optimal sets for each element of the type space partition. The optimal
policy function is found by choosing, for each type z € Z;, the profit-maximizing
decision set among the conditionally optimal decision sets.

A.2. Iterative Cutoff Search

Iterative cutoff search is an alternative refinement method that relies on the addi-
tional structure that a stronger version of SCD-T induces on the policy function.

Definition (Strong SCD-T). For any pair of decision sets (£, L") and types z < 2/,
f(L,z)—f(L,z) >0 = f(L2)—f(L,2)>0

Strong SCD-T requires that, for any pair of decision sets, there is at most one type
that receives the same payoff from the two sets. When the objective function sat-
isfies strong SCD-T, the policy function does not change value and then revert to a
previous value as the type increases: if two types share the same optimal decision
set, all intermediate types share it as well. The policy function is thus a sequence of
sub-intervals, each with a distinct optimal decision set.

Consider an interval Z; from generalized squeezing with end points z < z’. If the
optimal decision sets on the two end points coincide, so that £* (z) = £* (Z'), then
this decision set must also be optimal for all types within the interval.

If the optimal decision sets on the two end points do not coincide, we apply itera-
tive cutoff search. It pins down the policy function two adjacent sub-intervals at a
time by narrowing the interval until there are only two unique values of the policy
function. It then finds the cutoff type where the optimal decision set switches, us-
ing the fact that both decision sets must be optimal and deliver the same value at
the cutoff.

Given an interval where £* (z) # L* (z'), strong SCD-T guarantees a unique type
z € [z,Z/] where the two optimal decision sets of the end points have the same
value. If either of the sets is also optimal at z, then the policy function must switch
from £* (z) to L* (z’) at z. The interval is therefore resolved into two sub-intervals,
each with constant optimal decision sets.”’

If instead £* (Z) differs from both end point sets, then there are at least three sub-
intervals within [z, z’], since three distinct values of the policy function have been

31As we discuss in Appendix B, the model of our quantitative application admits a closed-form
expression for the indifferent type.
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identified. Iterative cutoff search narrows its search to [z,z] and iterates again.
Once it succeeds in finding two adjacent sub-intervals of the policy function, as
described, it returns to iterate on the remainder of the interval.

Definition (Iterative cutoff search). Consider the interval [z(o),z/ (0)). Iterate as
follows.

1. Identify the type z¥) that is indifferent between L£* (z(k)) and L* (z' (k)>.
Solve for the optimal decision set at this type, £* <E(k)>, over the reduced
domain implied by [Lt, Zt] .

2. Update as follows.

a) If L~ (Z(k)> coincides with either £* (z(k)) or L* (z' (k) ) , then update the
policy function

L* z(k)> forz €
L (z) =

Z<k>,z(k>)
C* z’(k)> forz €

gk)/g(k)) '

If 220 = 2/(0) the policy function has been solved for the full interval.
Terminate iteration. Otherwise, set z(k™1) = z/(K) and z/(k+1) = 7/(0),

b) Otherwise, set zk1) = z(k) and z/(k+1) = z(k),

Computing £* (z) at the candidate cutoff types requires solving a CDCP. We imple-
ment this step using the squeezing and branching methods from the main paper.
Thus, while SCD-C is not required for iterative cutoff search, we use it to compute
the optimal decision sets in practice.

B. Appendix B: Model Derivations

In this section, we establish the SCD-C and SCD-T conditions in the firm problem
of Section 2 and derive the welfare expression in equation (9). In the Online Ap-
pendix, we establish the single crossing differences conditions in a broader class of
frameworks.
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B.1. Establishing SCD-C and SCD-T

Let £ C L. The marginal value of location ¢ to the set £’ in terms of its marginal
value to L is:

Dgﬂl' (E/, Z) = DgTL'i ([,, Z)

oc—1
+(“— > Iy 1y, (Pz)
e—1 s—lneLU

iln 7'1 L \{(} oc—
/ @ / 4 u] 2 dudt
i (L\{(})

where we denote ©;, (£) = Yycr &),..¢. Since L' nests £, @, (L") > 0, (L) for all
markets 7 and the integrals are positive.

As the marginal value shows, the profit function satisfies the SCD-C condition.
When the ratio (¢ —1)/(e — 1) is above 1, the marginal value of location ¢ in £’
is positive whenever its marginal value in £ is positive. In this case, the profit
function satisfies SCD-C from below. On the other hand, when the ratio is below
1, the marginal value of / is negative in £’ whenever it is negative in £, so that the
profit function satisfies SCD-C from above.

Now, let {£, L'} be any pair of production location sets. The difference in profits
associated with each of these decision sets can be written:

i (L,2) —mi (L,2) =27 ) x< 01 )H [@in(y)‘?%l—@m(z)%}

nerL

— ngfig (]1 [f S ﬁ/] —]l[f S E])

leL

Since ¢ > 1, this difference is strictly monotonic in the productivity z, so there is at
most one productivity at which the firm is indifferent between the two production
location sets.>” Then, the profit function satisfies strong SCD-T, and, in turn, SCD-
T. The type indifferent between the two production sets can be expressed in closed
form.

B.2. Counterfactual Welfare

The share of expenditure in n that is captured by goods produced in ¢ by firms orig-
inating from i, denoted ¢;/,,, integrates over the behavior of all firms. It simplifies

328trong SCD-T is violated only in the knife-edge case where two decision sets exist such that the
total variable profit improvement (summed across markets 1) is zero and the difference in total fixed
cost payments (summed across locations /) is also zero.
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where ( is a constant of integration. We split the productivity range of active
firms into the intervals along which the policy function is constant, indexed by
t € {1,...,T}, denoting with z;; the left end point of each interval and setting
ziT+1 = oo. Within each interval, let £;; be the optimal set and 1;p; = 1[¢ € L;]
indicate whether location / is in the optimal set.

In what follows, we assume that fundamentals are such that all active firms estab-
lish production in their country of origin 7, so that 1;; ; = 1 for all t. This assumption
holds in all our calibrations.

For MP autarky, we set 7, = oo for all i # ¢, so that active firms only produce
domestically. Then, there is only one interval, [z}, o), and the optimal location set
along this interval is {i}. The counterfactual change in ¢;;; simplifies to:

¢l AN AN A A 1_o-1
i (D) (2L 2iii Zi Ajii g5 1
Piii (Mi> (Pi> (‘:iﬁ) (Zi> ; it

where
1—e
_ iti
Sitit = 171_,
Zé’eﬁi,t gigfie
-1 _1- —1-
N 8iii 1 Qi (Li) <1 [(Zi,t)g C— (zipn)” g]
iii,p = o1 1 -
Y b1 Siii ¢ O (Lip) =1 [(Zi,t’)a C— (zips1)” g}
Using &',/ i = w)/w;, we arrive at equation (9).

C. Appendix C: Computational Implementation of Our
Solution Methods

We implement all solution methods necessary for the quantitative exercises in the
Julia package accompanying this paper, availableat ht tps: //github.com/rowanxshi/
CDhCP . j1. The package contains the squeezing and branching procedures to solve
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the CDCP at a specific firm productivity. It also contains the generalized squeezing
procedure and iterative cutoff search to solve for the policy function across a range
of firm productivity values. Our replication package, which calls the Julia solution
package, implements all quantitative exercises with the multinational model. This
section discusses how our methods enter the quantitative exercises of Sections 3
and 4.

C.1. Calibration of GE Model

The first application of our solution methods is to calibrate the model in general
equilibrium. Calibration requires solving for the policy functions for each origin
country, { £} (-)},, at every new parameter guess. We thus embed the policy func-
tion method within the calibration routine.

As Table 1 lays out, we first set the parameters {c, ¢, }. Our calibration finds model
parameters such that the data values of {w,, My, H,}, are an equilibrium.

We start with an initial guess for the market size aggregate {P,(ZO)} , the funda-
n

mentals {Ago), ;éo), fg(o) }6' and the bilateral cost parameterization {?éo), *éo), VEO) }g

with {Ki“’), K,Z;(O), KE(O) }v. We then iterate as follows.

1. Solve the policy functions {L7 (-)}, of the firm’s CDCP from equation (2) us-
ing the policy function method. The policy function also determines Z; as the
lowest type to operate at least one location, satisfying equation (3).

2. Given {£j (-)}, compute trade, MP, and affiliate flows in the model; estimate
the PPML gravity equation for each (see the Online Appendix for details).

3. Use deviations from aggregate conditions and moments to update the guess:
e update {P,Sk)} using equation (5);
n

e update {Aék), ng) ., Z(k) }l using respectively deviations from equation (6),
the gap between model and data share of total foreign MP that is at-
tributable to firms headquartered in each country, and the gap between

model and data survival rate in each country;

e update {@gk),%k),fgk) }f using the gap between model and data own

shares of trade (domestic sales), MP (domestic production), and affiliates
(domestic production locations); and
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¢ update {Ki(k),xﬁ(k),xﬁ(k)} using the gap between the model and data

coefficients of the PPML regression.

The iteration converges to (near) zero on all deviations. The routine thus calibrates
the model while enforcing GE conditions at the same time. After convergence, we
invert equation (4) to recover f7.

C.2. Time Trials and GE Counterfactuals

Section 4 begins with a subsection benchmarking the computational performance
of our methods using the calibrated models. In Table 2 and Figure 4, we compare
the squeezing method, discretized on a grid over the productivity range, against
the policy function method. To do so, we use each approach to solve the CDCP
across the full range of firm productivity values, holding fixed all model param-
eters, fundamentals, and aggregates. In Figure 5, for each value of the ratio (o —
1)/(e — 1), we calibrate the model as described above and apply the policy func-
tion method. None of these figures requires computing the general equilibrium of
the model.

To compute the welfare effects from multinational production requires solving the
model in general equilibrium. To do so, given a set of parameters and fundamen-
tals, we use an iterative routine that solves for the policy functions, {£} (-)},, at
each new guess for aggregates.

We start with an initial guess for the aggregates {Pg(o), wéo), Méo) }é, then iterate as
follows.

1. Given aggregates {Pg(k), wg,k), Mék) }g, set Xy = wyH, for all ¢ to satisfy equa-
tion (7).

2. Solve the policy functions { L (-)}, of the firm’s CDCP from equation (2) us-
ing the policy function method. The policy function also determines Z; as the
lowest type to operate at least one location, satisfying equation (3).

3. Given the policy functions {L7 (-)},, use deviations from aggregate condi-
tions to update the guess:

e update {Pé(k) }é using equation (5);
e update {wék) }é using equation (6); and

* update {Mék) }g using equation (4).
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In the counterfactual of Section 4, solving for the policy function becomes trivial.
Firms open no foreign locations, so they compare £ = @, which represents being
inactive, against £ = {i}, which represents producing domestically. Solving for
the policy function then simplifies to identifying the cutoffs {Z;},, where the fixed
cost of setting up the domestic location perfectly offsets the variable profits that the
firm would earn.
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